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Assume that C1, . . . , Ck : [0, 1]d → [0, 1] are copulas. Let gji : [0, 1] → [0, 1] for j = 1, . . . , k, i = 1, . . . , d be functions
with the property that each of them is strictly increasing or is identically equal to 1. Suppose that
∏k
j=1 gji(v) = v for
v ∈ [0, 1], i = 1, . . . , d, and limv→0+0 gij(v) = gji(0) for j = 1, . . . , k, i = 1, . . . , d. Here we consider the two-dimensional
product copula:
C¯(u, v) =
k∏
j=1
Cj(gj1(u), gj2(v)) for u, v ∈ [0, 1]. (1)
Let τ(C), λU(C) and λL(C) denote Kendall’s tau and the upper/lower tail dependence coefficient of a copula C . The assertion
of Proposition 2.3 in [4] is not valid in the stated form. This can be seen from the following example, due to [2]:
Example. Let C1(u, v) = uv and C2(u, v) = min{u, v}, g11(t) = t1−α, g12(t) = t1−β , g21(t) = tα, g22(t) = tβ with
α, β ∈ (0, 1). Hence C¯(u, v) = u1−αv1−β min uα, vβ. In this case, we have
τ(C¯) = αβ
α − αβ + β
(see Example 5.5 in [5], p. 165). On the other hand, τ(C1) = 0, τ (C2) = 1. Hence τ(C¯) > min{τ(C1), τ (C2)}. 
The next proposition provides a corrected version of Proposition 2.3 in [4].
Proposition 0.1. (a) Assume that there is a copula C0 such that Ci ≺ C0 for all i = 1, . . . , k (≺ is the symbol for concordance
ordering); i.e.
Ci(u, v) ≤ C0(u, v) for u, v ∈ [0, 1], i = 1, . . . , k.
Suppose that D(x, y) := ln C0(e−x, e−y) is a superadditive function; i.e.
D(x1, y1)+ D(x2, y2) ≤ D(x1 + x2, y1 + y2) for all xi, yi ≥ 0. (2)
Then
τ(C¯) ≤ τ(C0), λU(C¯) ≤ λU(C0), λL(C¯) ≤ λL(C0).
DOI of original article: 10.1016/j.jmva.2008.02.025.
E-mail address: eckhard.liebscher@hs-merseburg.de.
0047-259X/$ – see front matter© 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmva.2010.12.004
870 E. Liebscher / Journal of Multivariate Analysis 102 (2011) 869–870
(b) Assume that there is a copula C0 such that C0 ≺ Ci for all i = 1, . . . , k, and D is subadditive; i.e.
D(x1, y1)+ D(x2, y2) ≥ D(x1 + x2, y1 + y2) for all xi, yi ≥ 0. (3)
Then
τ(C¯) ≥ τ(C0), λU(C¯) ≥ λU(C0), λL(C¯) ≥ λL(C0).
Proof. (a) Let xi = − ln(ui), yi = − ln(vi). Condition (2) implies
C0(u1, u2)C0(v1, v2) ≤ C0(u1u2, v1v2)
for ui, vi ∈ [0, 1], i = 1, 2. By induction,
C¯(u, v) =
k∏
i=1
Ci(gi1(u), gi2(v)) ≤ C0

k∏
i=1
gi1(u),
k∏
i=1
gi2(v)

= C0(u, v).
Hence C¯ ≺ C0 holds which implies τ(C¯) ≤ τ(C0), see [3, p. 37]. Similar inequalities hold true for the tail dependence
coefficients. This proves (a). The proof of part (b) is similar. 
Note that B(x, y) = C0(e−x, e−y) is a survival function with standard exponential margins. Then inequality (3) describing
subadditivity is just the MNBU condition on B (multivariate new better than used condition) introduced by Buchanan and
Singpurwalla [1]. Superadditivity corresponds to MUBN (multivariate used better than new).
Examples forwhichD is superadditive include the Clayton and Gumbel–Hougaard copulas. Furthermore,D is subadditive
for the Gumbel–Barnett copula. However, properties (2) and (3) do not hold in general for Frank’s copula. The next
proposition provides a sufficient condition for superadditivity using concavity of D.
Proposition 0.2. Let D as above. Suppose that D(2x, 2y) = 2D(x, y). If D is concave (or equivalently, B is log-concave), then
D(x1, y1)+ D(x2, y2) ≤ D(x1 + x2, y1 + y2) for all xi, yi ≥ 0.
Proof. We obtain
1
2
D(x1, y1)+ 12D(x2, y2) ≤ D

x1 + x2
2
,
y1 + y2
2

= 1
2
D(x1 + x2, y1 + y2). 
Let us now consider extreme value copulas
C(u, v) = exp

ln (uv) A

ln v
ln (uv)

, D(x, y) = −(x+ y)A

y
x+ y

,
where A is convex on [0,1], A(0) = A(1) = 1, max{t, 1− t} ≤ A(t) ≤ 1. It can easily be seen that D(2x, 2y) = 2D(x, y) and
the function D is concave. Hence by Proposition 0.2, D is superadditive.
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